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An important theorem that we learned in MATH045, Introduction to Differential
Equations, was the Existence and Uniqueness Theorem. I was initially confused by the
theorem, as it stood out as an abstract concept in contrast to all the practical
application and real-world modeling we had done in the class until that point. You
could say that it was surreal in how it did not make sense. My painting revisits the
evaporating raindrop example that we covered in lecture, although the problem is
slightly modified to be a melting snowball. We begin modeling the situation by defining
our quantities.
Let r be the radius of the snowball.
The volume of the snowball V = 4
3
pir3.
The surface area of the snowball S = 4pir2.
Let Vo be the initial volume of the snowball.
We assume that the snowball is spherical and remains so as it melts. We also assume
that its rate of evaporation is proportional to its surface area. We then translate our
assumptions into an initial value problem.
dV
dt
= −kV 2/3 with V (0) = Vo
Using the method of separation of variables, we find the particular solution
V (t) =
(
V 1/3o −
kt
3
)3
However, when we graph this solution, we find that the model for V(t) does not make
physical sense for all time! It describes negative volume when t > 3V
1/3
o /k. We now
investigate that point in time, where it so happens that V = 0. It turns out that at that
point, there is a loss of uniqueness. In fact, we had ignored another solution to the
initial value problem.
V (t) = 0
If we return to our original differential equation and define a function f(t, V ) = dV
dt
, then
∂f
∂V
= −2
3
V −1/3, which is not continuous at V = 0.
Therefore, the Existence and Uniqueness does not guarantee a unique solution when
V = 0.
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If we take a step back from mathematical terms, we can phrase this conclusion in
terms of the real world. If we came across a puddle of water on the street, we could
make two guesses at what had happened: a snowball had melted into the puddle, or
there never was a snowball at all—it had been a puddle all along. Could we ever know
which possibility was true? Both of our guesses are equally valid!
My painting is a visual representation of this scenario. I painted the graphs of
both solutions to the differential equation on the same axes, and annotated the graphs
with snapshots of what was happening at that value of t. For the non-zero V (t), there
is a time-lapsed sequence of melting snowballs. For V (t) = 0, there is a continuous
stream of puddle. At the point in time when both solutions equal zero, there is only a
puddle with an ambiguous past. The painting illustrates how the existence and
uniqueness theorem can be used to evaluate a solution to a differential equation in the
context of its visual meaning.
The more decorative elements of the painting draw from famous Surrealist
paintings. The front of the elephant-centipede creature (lovingly named the
Elephantipede) is inspired by the strange, spindly-legged pachyderms in The Elephants
by Salvador Dali. Also inspired by the same painting, the backdrop’s color scheme
suggests a saturated, otherwordly sunset. The scene takes place on a brown plane,
similar to how several of Dali’s other paintings, including The Persistence of Memory
(the painting’s title is a play on this), are set on a flat surface to emphasize the
fantastical imagery. Melting is a common motif in Surrealism and is the central subject
of the painting. It is repeated not only in the melting snowballs, but in the melting wax
”U.” As the Elephantipede crawls away parallel to the t axis, representing the passage
of time, the ”U”niqueness of the differential equation’s solution melts down. We see
that when uniqueness breaks down, things don’t make sense. We start asking questions
like, ”Was the puddle in the street ever a snowball?”—we start thinking like Surrealists!
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